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Abstract. This study is focused on creating ADEBOT1, an educational robot powered by Arduino, to enhance 
STEM learning.  The drive  behind developing ADEBOT1 is  the  pressing need for  educational  robots  that  are 
innovative,  adaptable,  and  efficient  in  terms  of  kinematic  performance.  Before  bringing  ADEBOT1  to  life  
physically, its programming was tested through simulations using Google Colab to evaluate the effectiveness of its  
motion control algorithms. The simulation looked at two primary methods: Product of Exponentials (PoE) and  
Sequential Transformation (ST) for calculating the robot’s forward kinematics. The findings revealed that the ST 
method is 2.47 times quicker than PoE, making it ideal for real-time applications in straightforward robotic systems 
for ADEBOT1. Nevertheless, PoE continues to be important for more intricate systems with multiple revolute  
joints.  This  simulation  serves  as  a  foundation  for  refining  the  programming  before  ADEBOT1 is  physically 
deployed, ensuring it delivers reliable and responsive performance in educational settings.
Keywords: Algebraic structure, Grobner basis, Lie algebra, Product of exponential, Sequential transformation.

INTRODUCTION

The development of robotics technology has brought significant changes in various fields, ranging from 
industry,  medical,  education,  to  space  exploration.  According  to  data  released  by  the  International 
Federation of Robotics in 2024, the use of robots in the industrial world has experienced very significant  
growth, as shown in Figure 1 below. 
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Figure 1. Data on the Use of Industrial Robots Worldwide (Source:[1])

The use of  robots in Indonesia's  industrial  sector  is  also increasing,  as  indicated by statistical  data 
reports found in [2]. One of the key aspects in robot development and study are the ability to control the  
movement of robot with high precision [3], [4], [5], [6], [7], [8]. One of the mathematical concepts used in 
optimizing robot motion control is Lie algebra[9], [10], [11], [12], [13]. More specifically, those frequently 
used are special Euclidean and special orthogonal groups as studied in[14], [15], [16], [17], [18].

Lie algebra is used to control nonlinear systems, particularly in mobile robot control. For instance, path 
following control of a mobile robot can be achieved using an input-output feedback linearization controller, 
which is based on Lie algebra [19]. This method helps in effectively managing the nonlinear dynamics of 
the robot. In mobile robot trajectory tracking, Lie algebra helps in considering the manifold constraints of 
the robot configuration. By utilizing the relationship between Lie groups and Lie algebra, the tracking 
control problem can be convexified, leading to more efficient and smoother trajectory tracking  [20]. Lie 
algebra is also applied in formulating optimal control problems for mobile robots. For example, in the 
control  of  a  vertical  rolling  disc  (a  simplification  of  a  differential  drive  wheeled  mobile  robot),  the 
controllable Lie algebras are calculated to determine energetically optimal trajectories between states [21]. 
Lie algebra is extensively used to describe the dynamics and control of robotic systems, including those 
with active and passive joints. The inverse dynamics of such systems are often described using Lie groups  
and Lie algebras, which are then used to implement computed torque control laws for better performance 
compared to traditional PID control  [22]. For systems like the T-S fuzzy model of a flexible joint robot 
arm,  Lie  algebra  is  used to  design controllers  that  satisfy stability  criteria.  This  approach ensures  the  
stability  of  the  robotic  system  [23].  Additionally,  Lie  algebra  methods are  used to  linearize nonlinear 
systems, such as in the control of an inverted pendulum, which can be applied to robotic systems for 
improved performance  [24]. 

Lie  algebra aids  in  the  kinematic  and dynamic modeling of  robots,  especially  those  with  complex 
mechanisms. By representing the pose of components using the Euclidean group and its subgroups, the  
velocity, acceleration, and Jacobian matrix can be derived, simplifying the modeling process and reducing 
computational complexity [25]. The use of Lie algebra in robot dynamics and control allows for efficient 
simulation and real-time control. For example, the computed torque control method based on Lie algebra 
shows better performance in simulations, indicating its potential for real-time applications [11]. Lie algebra 
is part of geometric methods in robotics, which provide a unified and intuitive framework for modeling and 
control. These methods are computationally efficient and can be applied to various robotic tasks, including 
manipulation and trajectory tracking  [20], [26]. Lie algebra plays a crucial role in the control and modeling 
of  robotic  systems,  including  Arduino  robot  cars.  It  provides  tools  for  handling  nonlinear  dynamics,  
optimizing control strategies, and simplifying the kinematic and dynamic modeling of robots.

In this study, the definition of Lie algebra and its basic concepts can be accessed in [19]. To assist 
readers,  we  provide  the  formal  definition  as  follows.  A  non-empty  set  g completed  with  binary 
operation [ . , . ] : g× g→ g formed a Lie algebra when satisfied the following properties: Linearity; for 

every  x in  g , [ x , x ]=0;  and  x , y , z ∈ g implies  [ x ,[ y , z ]]+[ y ,[ z , x ]]+[ z ,[ x , y ]]=0.  More 
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advanced  and  detailed  algebraic  concepts  and  some  implementations  in  robotics  programming  are 
studied in [27], [28]. The trend of robot implementation in various fields is very positive, such as in the 
medical field where special robots, especially soft robots, are needed to handle certain cases in surgery 
and operations [29], [30]. This certainly makes robotics research increasingly challenging in the future. 

To prepare a generation capable of facing these challenges, robot development is not only specifically 
designed to perform special tasks but there are also robots developed as educational robots intended for 
learning from elementary school to university levels, each with its own specifications. Some well-known 
companies have also produced educational robots such as Lego with its Lego Mindstorms, Makeblock with 
mBot and mBot2, and many others. The practical implementation of these robots in education has shown 
positive results as studied in [31], [32], [33], [34], [35]. 

In addition, the optimization of mBot2 using the concept of Lie algebra has also been studied in [12]. In 
that study, Lie algebra was able to optimize by minimizing orientation errors and the travel time duration of 
the mBot2 robot  when following a  route.  Furthermore,  the implementation of  these two robots  in  the 
learning field is also very challenging. This includes learning activities with a STEM approach involving 
robot assembly, studying robot functions, and then programming them. From this series of activities, there  
are certainly weaknesses. In terms of creativity, these robots can only be assembled in fixed forms with  
variations recommended by Lego or Makeblock. This is certainly one of the weaknesses, especially for 
enhancing  creativity  in  assembling  educational  robots.  Therefore,  in  this  study,  we  examine  the 
construction of a robot model with a robot body that can be created using a 3D printer and using Arduino as 
its microcontroller. The reason for using Arduino is because it is easily obtainable, relatively affordable,  
and programming algorithms for it are already available in [27], for example. As the state of the art in this 
research,  the educational  robot  is  constructed with a  body shaped using a  3D printer  and can operate 
automatically with the help of an RGD colour sensor programmed with the concept of algebra and has  
potential applications in the field of learning. In addition, this study will uniquely discuss the Grobner basis  
of the developed robot, and its computational exploration and experiments will be presented.

METHODS

Based on the issues and problem formulation presented in the introduction section, this section will 
outline the research methods used in this study. This research was conducted through several stages as 
follows.

First Stage
The first stage is the development of the robot. This research is a form of Research and Development 

(RnD). In this stage, the researcher adopts the Analysis-Design-Development-Implementation-Evaluation 
(ADDIE) development model with the following phases:

Analysis 
Analyzing literature studies on concepts of Lie algebra that can be applied to mobile robots with arms. 

This is followed by an analysis of existing educational robot products to gather relevant information. This 
stage strengthens the motivation to develop an android-based mobile robot with an arm.

Design
In this stage, the mobile robot with an arm is designed. The design process is divided into three parts: 

designing the arm or gripper, designing the robot’s body, and designing related components such as circuits  
and servo positions. Illustrative designs of these components, registered with DJKI for industrial design 
creation rights, are provided in the next section.

Development
In this stage, the robot’s arm and body are built with the aid of a standard-specification 3D printer. The 

assembly process involves the following components. The assembled robot is presented in the subsequent 
section. Additionally, in this stage, program installation incorporating Lie algebra concepts is conducted. 
These concepts are based on previous research results, including those presented in articles such as [12], 
[27], [28].

Implementation
After the robot is successfully assembled, it is implemented using specific routes. In terms of features, 

the robot has automatic movement capabilities aided by RGB colour sensors and a secondary feature with 
an  android-based  wireless  remote.  After  this  stage,  evaluations  are  also  applied,  including  addressing 
technical issues. To minimise the impact of technical issues, a simulation process of ADEBOT1 is carried 
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out on the Google Colab platform during the implementation stage to observe the effectiveness of the  
programming to be applied.

Evaluation 
The evaluation stage is conducted at every development phase. One of the major evaluation outcomes, 

for example, is the replacement of burnt servos during implementation.

Second Stage
The second stage of the research involves developing a mathematical model for the robot, including 

formulating the Grobner basis of the developed robot arm system. The analysis of maneuverability and 
movements, both kinematics and dynamics of ADEBOT1, is also conducted. Computation is applied at this  
stage to assess the performance of ADEBOT1’s movements. The Grobner basis concepts in this phase refer 
to references such as [12].

The third stage 
In this stage, the simulation for ADEBOT1 is analyzed. The simulation of ADEBOT1 is conducted 

using an online Python-based programming environment, specifically Google Colab. This simulation aims 
to compare two distinct approaches: the exponential map (Product of Exponential, PoE) and sequential 
transformation. The rationale behind selecting these two approaches stems from a comprehensive analysis 
of  their  computational  costs,  as  reviewed in  prior  research.  For  the  Product  of  Exponential  approach, 
several methods have been employed to analyze computational costs within the framework of Lie algebra. 
Notably,  the  Runge-Kutta-Munthe-Kaas  (RKMK)  methods  utilize  Lie-group  solvers  to  minimize 
computational costs by applying linear transformations and examining graded free Lie algebras, effectively 
reducing  the  number  of  commutators  [36].  Despite  these  optimizations,  the  computational  complexity 
remains  significant,  particularly  when  addressing  nonlinear  systems,  as  evidenced  by  applications  in 
unscented Kalman filters (UKF) for robot localization[37]. Another prominent method is Newton's method, 
which,  when  applied  to  Lie  groups,  demonstrates  semi-local  convergence  with  computational  costs 
comparable to traditional techniques. However, it offers distinct advantages, such as weaker convergence 
conditions and tighter error bounds [38], [39]. Additionally, motion transformation techniques employ Lie 
algebra elements to represent group transformations, ensuring the shortest geodesic paths within the Lie 
group, although this can be computationally intensive [40].

Conversely,  sequential  transformation  approaches  have  also  been  explored  to  assess  computational 
efficiency. The Euler angle perturbation model introduces novel solutions that circumvent singularity issues 
associated with Euler  angles.  These methods focus on accelerating iterative processes and minimizing 
computational complexity while achieving equivalent global minima compared to traditional Lie algebra-
based  solutions  [41].  Furthermore,  recursive  fast  transforms  are  engineered  to  achieve  the  lowest 
computational  complexity.  This  is  accomplished  through  the  application  of  recursive  equations  and 
Kronecker products, simplifying fast transforms and reducing computational overhead [42], [43].

From the comparative analysis, it is evident that sequential transformation methods, particularly those 
leveraging  recursive  fast  transforms  and  Euler  angle  perturbation  models,  exhibit  superior  cost-
effectiveness and efficiency in specific  scenarios  [41],  [42],  [43].  In  contrast,  while  Lie  algebra-based 
methods offer powerful and precise solutions, they generally incur higher computational complexity due to 
the necessity of managing nonlinearities and maintaining geometric constraints [36], [37].

In  application-specific  contexts,  such  as  robot  localization  and  motion  transformation,  Lie  algebra 
methods provide robust and reliable outcomes, albeit at higher computational costs [37], [40]. Sequential 
transformation  methods,  notably  those  employing  Euler  angle  perturbation,  strike  a  favorable  balance 
between accuracy and computational efficiency, rendering them suitable for real-time applications  [41]. 
Thus, while Lie algebra-based methods deliver precise and robust solutions, their computational demands 
are substantial. Sequential transformation methods, particularly those utilizing recursive fast transforms and 
Euler angle perturbation models, present a more computationally efficient alternative, especially for real-
time processing applications with stringent computational constraints [36], [37], [41], [42], [43]. This study 
solves a research gap concerning the impact of both approaches on the ADEBOT1 simulation, warranting 
further  exploration.  Based  on  this  study,  a  research  gap  emerges  that  needs  to  be  explored  further, 
particularly regarding the impact of both approaches in the ADEBOT1 simulation.

In  the  context  of  computational  complexity,  a  comparative  study  was  conducted  between  the 
implementation of PoE (Proof of Existence) and Sequential Transformation. This comparison focuses on 
both theoretical and practical aspects to highlight the differences in their computational demands.

In terms of  computational  complexity,  Lie  Algebra generally  exhibits  polynomial  complexity,  with 
algorithms specifically designed to efficiently manage symbolic computations[44]. The complexity tends to 
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increase with the rank of the algebra, posing significant computational challenges for higher ranks unless  
specialized  software  is  employed  to  mitigate  these  issues  [45],  [46],  [47].  Conversely,  Sequential 
Transformations can exhibit high levels of complexity, particularly when optimized through parallelization. 
This complexity arises from the requirements for synchronization and the preservation of dependencies, 
with  variability  depending  on  the  specific  transformation  and  its  application,  such  as  in  change-point 
detection or dynamical modeling [48], [49], [50].

From a practical applications standpoint, Lie Algebra is widely utilized in physics, particularly in the 
analysis of systems characterized by Hamiltonians and other operators expressed via Lie algebra elements. 
The  computational  complexities  are  often  managed  using  specialized  software  packages  that  support 
symbolic computations  [47], [51], [52]. Sequential Transformations, on the other hand, find applications 
across  diverse  fields  such  as  computer  engineering,  dynamical  modeling,  and  graph  transformation 
systems. The inherent complexities in these applications are typically addressed through parallelization and 
optimization  techniques,  which  are  crucial  for  handling  large  datasets  and  real-time  data  processing 
requirements [50]. 

The ADEBOT1 simulation was conducted using Google Colab to compare the Product of Exponential 
(PoE) approach with sequential transformation. The analysis focused on the computational cost efficiency 
of these two methods. The PoE approach proved to be computationally complex, particularly in nonlinear 
systems such as the unscented Kalman filter applied to robot localization [37]. In contrast, the Euler angle 
perturbation  model  offers  an  efficient  solution  by  addressing  singularity  issues  [41].  Recursive  fast 
transformation  also  reduces  computational  complexity  using  recursive  equations  [50].  Lie  Algebra 
demonstrates  polynomial  complexity  that  increases  with  the  rank  of  the  algebra,  while  sequential 
transformations can be optimized through parallelization  [50].  In real-world applications such as robot 
localization  and  motion  manipulation,  Lie  Algebra-based  approaches  yield  robust  results  but  are 
computationally expensive [37]. Sequential transformation methods, particularly those utilizing Euler angle 
perturbation models and recursive fast transformations, are more efficient for real-time applications [41], 
[50].

RESULTS AND DISCUSSION

In the Results and Discussion section, the development process of ADEBOT1, an Arduino-based robot 
equipped with an articulated arm, is thoroughly explained. The analysis stage highlights that the research 
background underscores the necessity of designing an Arduino-based robot with a body and accessories, 
such as an arm, which can be fabricated using filament materials and assembled with the aid of a 3D 
printer.

In the design stage, the ADEBOT1 is designed with the following details: ADEBOT1's features include 
autonomous  movements  facilitated  by  Red  Green  Blue  (RGB)  color  sensors  and  wireless  control 
capabilities through a remote, operated via an application compatible with Android devices. These features 
are illustrated in Figure 2 below.

Figure 2. Robot Feature Concept



KICE 2026 Proceedings ADEBOT1: EDUCATIONAL ROBOTICS

KICE 2026 Proceedings  |  Faculty of Tarbiyah and Teacher Training, UIN Sunan Kalijaga Yogyakarta  |  6

After  drafting  the  concept,  still  in  the  design  phase,  the  robot's  arm and  body  are  designed.  The 
appearance of these robot parts is illustrated in Figure 3 below.

 
Figure 3. ADEBOT1 Concept Design

The ADEBOT1 Construction
In  this  stage,  the  robot  is  physically  constructed  using  a  standard-specification  3D  printer.  The 

development process includes assembling the robot’s arm and body, installing software that integrates Lie 
Algebra concepts based on previous research, and integrating electronic components such as sensors and 
actuators.  After  the assembly,  the robot undergoes implementation and testing on specific routes.  Key 
features include automatic movement capability, supported by RGB colour sensors for path detection, and 
wireless remote control operated via an Android-based remote. During implementation, technical issues 
such as  burnt  servos are  identified and addressed.  This  development  process  has  adopted the  ADDIE 
research and development model as described in the previous section.

Evaluation is conducted continuously at every development phase with the aim to identify technical 
deficiencies  and  improve  the  robot’s  design  and  functionality  based  on  testing  results.  A  significant 
evaluation result includes the replacement of burnt servos encountered during implementation trials for 
example. The development of the mobile robot with an arm demonstrates a systematic approach from 
analysis to evaluation. The assembled appearance of ADEBOT1 with all its components is shown in Figure 
4 below.

Figure 4. Assembled ADEBOT1

Meanwhile, the detailed specifications are presented in Table 1 below.
Table 1. Specification of ADEBOT1

Component Detail

Microcontroller ESP32

Actuator Motor servo and motor DC 12v

Battery Capacity Li on 12v 5000 mAh

Sensor Photodioda Sensor
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Component Detail

LED Screen OLED

Robot Casing 3D printing plastic

Algebraic Property of ADEBOT1
The Grobner basis is an effective method for solving inverse kinematics problems in robotic arms, 

which is crucial for determining joint angles to achieve a specific end-effector position. This method is  
highly beneficial for polynomial equation systems derived from kinematic constraints [53], [54], [55]. The 
Degree of Freedom (DOF) in an arm robot's system refers to the count of independent variables needed to 
fully determine its configuration or state. For 3DOF robot manipulators, the Gröbner basis can be computed 
using  computer  algebra  systems  such  as  SymPy  and  Risa/Asir  integrated  through  Python,  enabling 
symbolic and numerical solutions that enhance the efficiency and accuracy of kinematic calculations [53].

In addition to inverse kinematics, the Grobner basis can also be applied to forward kinematics analysis, 
where the end-effector position is determined based on known joint angles. This process involves mapping 
solutions from high-dimensional kinematic space to three-dimensional Euclidean space [56]. The resultant 
method and Grobner basis in a seven-dimensional  kinematic space provide robust  solutions for planar 
parallel  robots  with  identical  arm  structures.  For  trajectory  planning  and  path  feasibility,  the 
Comprehensive  Gröbner  Systems  (CGS)  method  ensures  the  existence  of  solutions,  avoids  redundant 
computations, and verifies the feasibility of motion paths [54].

The  application  of  the  Grobner  basis  in  robotic  systems demonstrates  accuracy  and  computational 
efficiency. This condition delivers highly accurate results in solving kinematic equations for both industrial 
robotic arms and multi-legged robots  [55]. Its computational performance is comparable to conventional 
kinematic  models  with minimal  reference errors,  making it  a  reliable  choice for  real-time control  and 
simulation  [55]. Moreover, the Gröbner basis is versatile as it can be applied to various types of robotic 
systems, including Cartesian robots, SCARA, and non-redundant open-chain manipulators [55]. Integration 
with computer algebra systems and systematic procedures further enhances its utility in real-time control 
and path planning [53], [54], [55], [56]. This section will present the algebraic properties of ADEBOT1, 
including the Gröbner basis of the arm system of ADEBOT1. The use of algebraic techniques in robot 
kinematics enables symbolic analysis and simplification of nonlinear systems. ADEBOT1 is an educational 
robot designed with two degrees of freedom (horizontal and vertical motion) of the arm and one degree of  
freedom of a gripper for manipulation tasks. While it lacks inverse vertical motion, its simple kinematic 
structure provides an ideal framework for exploring symbolic transformations. This paper formulates the 
kinematic model of ADEBOT1 and applies trigonometric rationalization via Weierstrass substitution to 
express  its  forward  kinematics  as  a  polynomial  system.  We  define  the  robot’s  configuration  by  the 
parameters described in the following theorem:

Theorem 1. The position of the end-effector of ADEBOT1 ( x , y , z ) is given by

where θ is the angle formed by the horizontal rotation (yaw), ranging from −900 to +900;  ϕ is the angle 

formed by the elevation (tilt), ranging from 00 to +900; l is the length of the arm of the ADEBOT1.

Proof.

It is obvious by the basic concept of trigonometry. 

To help the reader to understand what are the θ and ϕ, please consider the Figure 5 below.
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Figure 5. Yaw and Tilt Illustrations of ADEBOT1

It follows from Theorem 1 that the following consequence is asserted.

Corollary 1. The Grobner basis of the arm system of ADEBOT1 is given by

x=
l(1−s2)(1−t2)
(1+s2)(1+t2)

y=
2 l (1−s2)t

(1+s2)(1+t2)

z= 2 ls

1+s2

where s=tan
ϕ
2

 and t=tan
θ
2

.

Proof.  It follows from Theorem 1 that the end-effector of ADEBOT1 ( x , y , z ) is given by

x=l cos ϕ .cos θ

y=l cos ϕ .sin θ

z=l sin ϕ

To  enable  symbolic  computation  with  algebraic  methods,  we  apply  the  Weierstrass  substitution: 

s=tan
ϕ
2

 and t=tan
θ
2

 to get the representations

cosθ=1−t2

1+t2 ,sin θ= 2 t

1+t2 ,cos ϕ=1−s2

1+s2 ,sin ϕ= 2 s

1+s2

Substituting these into the previous expression, we therefore have:

x=
l (1−s2)(1−t2)
(1+s2)(1+t2)

y=
2 l(1−s2)t

(1+s2)(1+t2)

z= 2 ls

1+s2

Which completes the proof.
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ADEBOT1 Movement Simulation

For Fundamental aspect of this section, we refer to [57], [58], [59]. In robotics, the configuration of a 
rigid body in 3D space (i.e., its position and orientation) is represented as a transformation matrix in 
the Special Euclidean group, denoted as SE (3 ). This matrix combines a rotation R ∈ SO(3 ) and a 

translation vector  p∈ R3. Each transformation matrix T ∈ SE (3 ) can be written as:

T=[R p
0 1 ]

The Lie algebra associated with SE(3) is called se(3)[59]. Elements of  se(3 ) are called twists[60]. 
The twists represent infinitesimal motions (rotations and translations).

A twist ξ ∈ R6 is often written as:

ξ=[ v
ω]

where ω∈ R3 is the angular velocity (rotation) and v ∈ R3 is the linear velocity vector (translation, 
dependent on the rotation center). The twist is turned into a 4×4 matrix (called a hat operator ξ) for 
use in matrix exponentiation:

ξ̂=[ [ ω ]× v
0 0 ]

where [ ω ]× is the skew-symmetric matrix of ω. The Product of Exponentials (PoE) formula provides 
a powerful method to model a robot’s forward kinematics [59], [61], [62]. It describes the position and 
orientation  of  the  robot’s  end-effector  in  space  as  a  sequence  of  motions,  each expressed  as  the 
exponential of a twist from the Lie algebra  se(3 ). A twist is a 6-dimensional representation of a 
joint's motion  combining both linear and angular velocity and it is crucial in the modeling of robot 
joints as part of a continuous motion group. The PoE formula is written as:

T (θ1 ,θ2 ,…,θn )=e ξ̂1θ1⋅e ξ̂2 θ2 …e ξ̂n θn M

where  ξ̂ i represents the twist corresponding to the screw axis of the  i−¿th joint, expressed in the 

space frame,  θi is the joint variable, such as the angle for a revolute joint or the displacement for a 
prismatic joint and M  is the home configuration of the end-effector, which describes the pose of the 
end-effector when all joint variables are zero.

To simplify the simulation process, ADEBOT1 can be considered as a 2-DOF robot car with an arm by 
ignoring the gripper first. ADEBOT1 is a mobile robot equipped with:

 Differential-Drive Base: Allows movement in the  x− y plane and rotation around the vertical 
z−¿axis, providing 3 degrees of freedom (DOF) for the base.

 2-DOF Arm: Typically consists of two revolute joints that enable vertical planar motion, similar to  
shoulder and elbow movements.

The complete configuration of ADEBOT1 includes:

 Base Motion:  q1 (Translation along the x−¿axis),  q ₂ (Translation along the y−¿axis),  q ₃ 
(Rotation about the z−¿axis)

 Arm Joints:  θ , ϕ : Rotations of joint 1 and joint 2, respectively where  −900 ≤ θ ≤ 900 and 

0≤ ϕ ≤ 900

Furthermore, each motion is represented by a twist in se(3 ):

 Base Motion Twists: Modeled using twists ξ̂base 1 , ξ̂base 2 , ξ̂base 3.

 The arm motion is modeled twists ξ̂1 , ξ̂2 for each joint.
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It follows from the concept of PoE in [63] that we therefore have.

Theorem 2. The PoE kinematics for ADEBOT1 is

T (θ , ϕ )=e ξ̂base 1 q1 . e ξ̂base 2 q2 . e ξ̂base 3 q3 e ξ̂1θ ⋅e ξ̂2 ϕ M

where q1 , q2 , q3 are the position and orientation of the mobile base; θ , ϕ are the arm joint and M  is the 
home pose of the end-effector relative to the robot base when the joints are in their zero configuration.

Proof. It follows from the previous explanation.

Based on Theorem 2 above, for the operation of the product of exponential as the impact model of 
ADEBOT1, it will mathematically result in a large computational cost. In the subsequent section, we will  
conduct a simulation of ADEBOT1’s movement utilizing the Google Colab online programming platform. 
We use this algorithm

Forward Kinematics Computation Algorithm with PoE
The computation steps can be summarized as follows:

1. Initialize the robotic design parameters: anchor length (fixed part) and arm length (moving part).

2. Define the spatial twist vectors ξ ₁ and ξ ₂ for each joint.

1. ξ₁ is the rotation about the Z-axis at the base point (0,0,0).

2. ξ₂ is the rotation about the Y-axis at the point (0,0,ANCHOR_LENGTH).

3. Convert the twist vectors into a 4x4 se(3) matrix format using the vec_to_se3 function.

4. Multiply the se(3) matrix by the joint angle in radians, then take the matrix exponential (using expm 
from scipy.linalg) to obtain the SE(3) transformation.

5. Sequentially  multiply  the  SE(3)  transformations  of  each  joint,  then  multiply  with  the  home 
configuration matrix M to obtain the end-effector pose relative to the base.

6. Add the transformation from the mobile  robot  base to  the world frame to obtain the end-effector 
position in the world frame.

From this algorithm, the simulation display obtained is shown in Figure 6 below.

Figure 6. ADEBOT1 Simulation PoE

This  approach  starts  by  defining  an  initial  configuration  with  all  joints  in  their  zero  positions,  
establishing reference frames on both the base and tool links, and deriving joint twists based on the joint 
axes' geometry. The robot's kinematics are then elegantly formulated as a product of exponentials of these 
joint twists, followed by the transformation matrix between the initial frames. The POE formula offers 
benefits such as straightforward modeling [64]. In this study, we compare the PoE approach with sequential 
transformation.  The sequential  transformation uses  homogeneous transformation matrices  and Denavit-
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Hatenberg  parameters  for  systematic  modeling  [65].  In  previous  study,  [64] compared  the  PoE  with 
specifically Denavit-Hartenberg (D-H) approach.  According to  [64] the D-H method remains the most 
commonly utilized approach for kinematics modelling. 

Remark  1.  It  follows  from the  concept  of  sequential  transformation,  the  end-effector  pose  of 

ADEBOT1 can be denoted by T world
end  and it is determined through chained transformations:

T world
end =T world

base .T base
1 .T 1

2 (θ ) .T 2
3 ( ϕ ) .T 3

end

T world
base  is the Base translation and  T 1

2 (θ ) ,T 2
3 (ϕ ) are rotations about the (Z) and (Y) axes respectively.

Based on the  Remark 1.  We deploy the  following algorithm and compare  with  the  PoE approach 
computationally.

Algorithm for Numerical Analysis of Robot Forward Kinematics (FK): ST vs PoE
1. Preparation:

1. Import libraries: numpy, scipy.linalg.expm, time.

2. Set robot parameters like ANCHOR_LENGTH and ARM_LENGTH.

2. ST Method (Sequential Transformations):

1. Create a function for rotation (rotation_matrix_4x4_st). 

2. Create a function for translation (translation_matrix_st). 

3. Combine rotation and translation in forward_kinematics_sequential to calculate FK.

3. PoE  Method  (Product  of  Exponentials):Convert  angular  vectors  to  matrices 
(vec_to_skew_poe).

Convert twists to transformation matrices (vec_to_se3_poe).

Define initial end-effector position and twists.

Use forward_kinematics_poe with the PoE formula to calculate FK.

4. Testing Setup:

Set how many tests to run (e.g., 10,000).

Randomly pick values for angles (theta, phi) and positions (base_x, base_y).

5. Measure Execution Time:

Create time_fk_method to measure how long each FK method takes.

6. Run and Compare:

Execute both ST and PoE methods.

Measure and compare the total time and average time per calculation.

Display the results.

7. End of Algorithm

It follows from the numerical method explained by the above algorithm that the comparison between 
PoE and the Sequential Transformation is illustrated in Table 2 below.
Table 2. Comparison in Simulation of The Forward Kinematics of ADEBOT1 with PoE vs Sequential Transformation

Aspect Sequential Transformation PoE

Computational Efficiency in Avg. Time per 

Call (µs)
56.30 138.82

Speed up 2.47× 1.00×

Total time 0.363803 seconds 0.938879 seconds

Average time per call 36.380 microseconds 93.888 microseconds
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The Sequential Transformation (ST) method has demonstrated superior computational efficiency, with 
an average execution time 2.5 times faster than the Product of Exponentials (PoE) method. In 10,000 test  
iterations, ST completed computations in only 0.364 seconds, whereas PoE required 0.939 seconds. This 
significant performance difference indicates that ST is more suitable for real-time applications in simple 
robotic  systems where high-speed computations are  essential.  It  is  advisable  to  employ the Sequential 
Transformation method for robotic applications that demand fast and efficient computations. Conversely, 
the  PoE  method  should  be  considered  when  theoretical  consistency  with  Lie  algebra  formulations  is 
required or for complex robotic systems featuring numerous revolute joints.

As a  final  part  of  this  section,  we explore  the  Lie  algebraic  structure  generated by the  motion 
components of ADEBOT1, consisting of a differential-drive mobile base and a 2-DOF articulated arm. 
Each  joint  or  planar  motion corresponds  to  a  twist ξ i ∈ se(3 ),  where  the  system generates  a  Lie 

subalgebra g⊂ se(3 ) spanned by:

ξ1: base rotation and translation,

ξ2: shoulder elevation,

ξ3: elbow yaw.

We  aim  to  analyze  the  structure  of g using  a  radical  ⊕ compact  decomposition  framework, 
inspired by the stability criterion for switched differential-algebraic equations (DAEs) introduced in 
[66] and it is also mentioned in [12].

The motion behavior  of  ADEBOT1 switches between autonomous tracking mode and manual 
android based remote-control mode, forming a simple switching system. In  [66], Raj and Pal proved 
that if the Lie algebra generated by system matrices admits a decomposition into its radical (a solvable 
ideal) and a compact subalgebra, then global exponential stability is guaranteed under switching with 
nonzero  dwell  time.  Although  ADEBOT1  does  not  fall  under  classical  DAEs,  we  adopt  this 
decomposition framework as a qualitative tool to analyze the behavior of its switching control system. 
Symbolic computation was performed using the initial basis of g=span {ξ1 , ξ2 , ξ3 }. The Lie brackets 
among these twists were calculated:

[ξ1 , ξ2]≠ 0 ,[ξ2 , ξ3]≠ 0 ,[ξ3 , ξ1]≠ 0 ,

and subsequent brackets of these results with each other (i.e., the second derived algebra) were also 
found to be nonzero. This indicates that the algebra is not nilpotent in two steps, and its solvability is  
not immediately evident. Nevertheless, the structure reveals restricted closure patterns within a subspace 
of se(3 ),  suggesting that  a  radical  decomposition is  plausible if  one extends the basis  or  explores 
further derived steps. Hence, the radical–compact decomposition is used in this paper as an analytical  
lens, rather than as a proven algebraic classification.

Under the assumption that ADEBOT1’s generated algebra admits a radical decomposition,

g=r ⊕ s
where:

r  represents solvable motion generators (e.g., base and elbow movement),

s represents compact subalgebra components (e.g., cyclic joint symmetries),

then stability under switching between control modes can be analyzed following the criterion in [66], 
particularly if the dwell time between mode switches is bounded below. While this decomposition is not yet 
formally derived, its use here aligns with the geometric intuition and motion structure of ADEBOT1. A full  
classification of the Lie algebra remains a valuable topic for future symbolic and geometric investigation 
especially for further ADEBOT1 exploration.

CONCLUSION

From the  analysis  we’ve  done,  it’s  clear  that  the  Sequential  Transformation  (ST)  method is  more 
efficient than the Product of Exponentials (PoE) method when it comes to speed. The ST method is about 
2.5 times faster than PoE, making it ideal for real-time applications, especially in simple robotic systems 
where quick processing is essential. So, if you need fast and efficient calculations, the ST method is the 
way  to  go.  This  is  particularly  relevant  in  the  case  of  ADEBOT1,  which  has  a  2-DOF (Degrees  of 
Freedom)  arm  joint,  making  it  relatively  simple.  For  such  a  straightforward  robotic  system,  the  ST 
method’s  speed  advantage  becomes  even  more  significant,  enabling  faster  computations  and  more 
responsive control. Thus, for ADEBOT1, the ST method is highly suitable and efficient. On the other hand, 
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the PoE method still holds its ground in situations where aligning with Lie algebra formulations is crucial 
or in complex robotic systems with many revolute joints. Even though it takes longer to compute, PoE has 
its own set of benefits that make it the better choice in these scenarios. Therefore, deciding between the ST 
and PoE methods should depend on the specific computational and theoretical requirements of the robotic 
application.
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